Abstract. In this work, subcovers X s n,r of the curve X n,r are constructed, the Weierstrass semigroup H(P ∞ ) at the point P ∞ ∈ X s n,r is determined and the corresponding one-point AG codes are investigated. Codes establishing new records on the parameters with respect to the previously known ones are discovered, and 108 improvements on MinT tables are obtained.
Introduction
Let F q be the finite field with q elements, where q is a power of a prime p, and let X be a (projective, geometrically irreducible, algebraic) curve defined over F q .
In [2] , Borges and Conceição introduced the curve X n,r , which is the curve defined over F q n with affine equation given by
where n ≥ 2, r ∈ {⌈ n 2 ⌉, . . . , n − 1} with gcd(n, r) = 1, T n (z) = z + z q + · · · + z q n−1 , and f r (x) := T n (x 1+q r ) (mod x q n − x).
The curve X n,r has interesting arithmetic and geometric properties as it is an F q n -Frobenius nonclassical Castle curve, with a large number of automorphisms (see [2] , [3] ). It was observed in [3, Corollary 3.5 ] that X n,r has a simpler plane model with affine equation given by
(1) y q n−1 + · · · + y q + y = x q n−r +1 − x q n +q n−r .
In this paper, for s = 1, 2, . . . , n − 1, we will construct subcovers of (1) given by (2) X s n,r : g s (y) = x q n−r +1 − x q n +q n−r .
where g s (y) = y q s + a s−1 y q s−1 + · · · + a 0 y ∈ F q n [x] are separable q-polynomials. Then some properties of X s n,r , such as their number of F q n -rational points and genus, as well as the Weierstrass semigroups H(P ∞ ) at their only point at infinity P ∞ are investigated.
Weierstrass semigroup is a classical object in the theory of algebraic curves that is related to both theoretical and applied topics. Its particular connection with Algebraic Geometric (AG) codes, introduced by Goppa in [10] , [11] , led to Weierstrass semigroups being extensively studied over past decades (see e.g. [6] , [15] , [16] , [19] and [20] ). Our investigation of the semigroups H(P ∞ ) will lead to the construction of AG codes from the curve X n,r and its subcovers, with parameters giving rise to new records.
The paper is organized as follows. Section 2 presents notations and results regarding Weierstrass semigroups and AG codes. Section 3 is devoted to constructing subcovers of curve X n,r and to computing their genus, number of F q n -rational points, and the Weierstrass semigroup H(P ∞ ) for a certain class of subcovers X s n,r . Finally, in Section 4, we investigate AG codes arising from X n,r and X s n,r and then codes attaining new records for their parameters are presented.
Notation
The following notation will be used throughout this text.
• F q is the finite field with q = p m elements, where p is a prime number.
• X is a curve defined over F q .
• #X (F q ) denotes the number of F q -rational points, or simply rational points, on X .
• F q (X ) is the field of rational functions and Div(X ) is the set of divisors on X .
• For f ∈ F q (X ), the zero and the pole divisor of f are denoted by (f ) 0 and (f ) ∞ , respectively.
• For D ∈ Div(X ), the support of D is denoted by Supp(D), and the Riemann-
• Ω(G) denotes the space of differentials η on X such that η = 0 or div(η) ≥ G, where div(η) = P ∈X ord P (η)P and ord P (η) is the order of η at P .
• For P on X , v P is the discrete valuation at P , and for a differential η on X , res P (η) is the residue of η at P .
Preliminaries
2.1. Weierstrass Semigroup. Let P be a rational point on X and N 0 be the set of non-negative integers. The set H(P ) := {n ∈ N 0 : ∃f ∈ F q (X ) with (f ) ∞ = nP } is a numerical semigroup, called the Weierstrass semigroup of X at P . The set G(P ) = N 0 \ H(P ) is called the Weierstrass gap set of P . By Weierstrass Gap Theorem, the cardinality of G(P ) is g = g(X ), the genus of the curve. In addition,
is called symmetric if α g = 2g − 1. Every semigroup generated by two elements is symmetric [8] . The curve X is called Castle curve if H(P ) = {0 = m 1 < m 2 < · · · } is symmetric and #X (F q ) = m 2 q+1. Details about Castle curves and their application in coding theory can be found in [18] . Definition 2.1. Let (a 1 , . . . , a m ) be a sequence of positive integers whose greatest common divisor is 1. Define d i := gcd(a 1 , . . . , a i ) and For a numerical semigroup S, the number of gaps and the largest gap of S will be denoted by g(S) and l g (S), respectively. 
where d 0 = 0. In particular, telescopic semigroups are symmetric.
AG codes.
Given a divisor G on X , for distinct rational points P 1 , P 2 , . . . , P n on X , with P i / ∈ Supp(G) for all i, consider the map
by C L (X , D, G), associated with the divisors D and G, is defined as the image of
Another code can be associated with the divisors D and G, by using the map [9] . The following is a brief introduction to the bound d * , which will be used in the last section of this paper. For additional details, see [9] .
Consider the one-point AG code C L (X , D, mQ), where
Thus, knowing the set H * is equivalent to knowing the dimension of all codes C L (X , D, mQ). We observe that H * consists of u elements and H * ⊆ H. In addition, for m < u, m ∈ H * if and only if m ∈ H, see [9] . In particular, if X is a Castle
Let For more details about coding theory, see [12] , [21] and [22] .
2.3.
The curve X n,r . Fix an integer n ≥ 2. For any r ∈ {⌈ n 2 ⌉, . . . , n − 1}, with gcd(n, r) = 1, define
where T n (x) = x + x q + . . . + x q n−1 and consider the curve X n,r defined over F q n with affine equation given by
The curve X n,r has degree δ = q n−1 +q r−1 , genus g(X n,r ) = q r (q n−1 −1)/2, #X n,r (F q n ) = q 2n−1 + 1 F q n -rational points, and a single rational point at infinity Q ∞ = (0 : 1 : 0),
Moreover, X n,r is a Castle curve, see [3, Corollary 3.7] .
By [3, Proposition 3.5], we have that
is another plane model for the curve X n,r . This model will be used throughout the text.
It is easy to check that the point P ∞ = (0 : 1 : 0) ∈ X n,r , with plane model given
by (5), corresponds to the point Q ∞ in the plane model given by (4) (see proof of [3,
Proposition 3.5]). In particular, H(P ∞ ) = H(Q ∞ ) and then [3, Theorem 3.7] yields
Theorem 2.3. Let H(P ∞ ) be the Weierstrass semigroup at P ∞ ∈ X n,r . Then
Moreover, H(P ∞ ) is a telescopic semigroup and therefore symmetric.
Note that the previous Theorem and [3, Lemma 3.2, Proposition 3.4] yield explicit bases for the Riemann-Roch spaces L(mP ∞ ).
q-polynomials. A polynomial of the form
over F q m (also known as linearized polynomial). Note that a 0 = 0 if and only if p(x) is separable. Moreover, if F is an arbitrary field extension of F q and p(x) is a q-polynomial, then
, for all α, β ∈ F, and p(cβ) = c p(β), for all c ∈ F q and all β ∈ F.
Therefore, if F is any extension field of F q in which p(x) splits, then the set R of
, with a ℓ a 0 = 0, we have that |R| = q ℓ and thus R is an ℓ-dimensional 
be two q-polynomials. Then there exist unique q-polynomials
For further information regarding q-polynomials we refer the reader to [14] .
Let n, r, and T n (x) be given as previously. The following three results will be important for the study of subcovers of X n,r in the next section.
Lemma 2.6. For any positive integer s < n − 1, there exist monic q-polynomials g(x) and
splits into linear factors over F q n .
Proof. Let B = {ξ 1 , · · · , ξ n−1 } ⊂ F q n be a basis for the F q -vector space given by the roots of T n (x) = 0. By Theorem 2.4, the subspace generated by any choice of
. Thus the statement follows directly from the Euclidean algorithm for q-polynomials.
Proof. Define recursively the following polynomials in F q n [y] : (i) G 1 (y) = y, and
y, for i = 2, . . . , s + 1.
Direct computation shows that G s+1 (y) = g s (y). Moreover, for
it follows that
where 
and deg(U(y)) = q u ≤ n − r − 1. Moreover, if s ≥ r + 1, then Q(y) = y r and
Proof. By the Euclidean algorithm for q-polynomials, there exist unique q-polynomials Q(y), R(y) ∈ F q n [y] such that y q n−t = R(g s (y)) + Q(y) and 0 < deg(Q(y)) ≤ q s−1 .
In particular, g s (y) divides y q r − Q(y) and y q n − Q(y) q n−r . Since g s (y) is a factor of y q n − y, it follows that g s (y) divides Q(y) q n−r − y. Now the Euclidean algorithm gives a nonzero q-polynomial U(y) ∈ F q n [y] such that Q(y) q n−r − y = U(g s (y)), and the result follows.
3. Subcovers of the curve X n,r
For any positive integer s < n − 1, let g s (y) be a polynomial of degree q s given by Lemma 2.6, that is, g s (y) is a monic q-polynomial that splits into linear factors over F q n and g s (g(y)) = T n (y) for a monic q-polynomial g(y) in F q n [y]. Consider the curve X s n,r over F q n defined by (7) X s n,r : g s (y) = x q n +q n−r − x q n−r +1 .
The following result provides important information regarding curve X s n,r .
Theorem 3.1. The curve X s n,r is a subcover of X n,r , and its number of F q n -rational points and genus are given by #X Proof. Let g(y) be the polynomial given by Lemma 2.6 such that g s (g(y)) = T n (y). Note that the well-defined map (x, y) → (x, g(y)) shows that X s n,r is a subcover of X n,r . Let K(x) be the rational function field over K =F q , and consider the field extension E/K(x), where E = K(x, y) and x and y satisfy (7). To compute the number of F q n -rational points on X s n,r , we first note that the pole of x is totally ramified in E/K(x) (see [5, Theorem 3.3] ). That gives us one F q n -rational point on X s n,r , namely P ∞ = (0 : 1 : 0). Lemma 2.6 implies that each β ∈ F q n gives rise to q s F q n -rational points on X s n,r . Therefore #X s n,r (F q n ) = q n+s + 1.
To compute the genus, we rely on facts from Artin-Schreier theory. Let ℘ : Y → Y p − Y be the Artin-Schreier operator on K(x) and consider the set
where R s (x) is the separable polynomial given by Lemma 2.7. Note that
is an additive subgroup of size |A| = q s , and
Choose α ∈ K * such that R s (α) = 0, and let G(x, y) be the polynomial given in Lemma 2.7. Consider z ∈ E given by
Lemma 2.7 gives
Also, for q = p e , we have that
Therefore, E contains the splitting fields of Y p − Y − a for all a ∈ A, and
Hence, by [7, Theorem 2.1], the genus of
which proves the assertion. The final statement follows directly from the Jacobian criterion and [5, Theorem 3.3].
Lemma 3.2. For the functions x, y ∈ F q n (X s n,r ), we have that
Proof. From the proof of the Theorem 3.1, observing that [K(x, y) : K(x)] = q s and P ∞ is the unique pole of x, it follows that (x) ∞ = q s P ∞ . Now, from (7), it follows that P ∞ is the unique pole of y. Thus we have that q
that is, v P∞ (y) = q n + q n−r . Therefore, (y) ∞ = (q n + q n−r )P ∞ .
Theorem 3.3. For g s (y) as in (7), let U(y) and Q(y) be given as in Proposition
is the unique polynomial for which U(x q n +q n−r ) = h(x) q n−r and Z := Q(y) − h(x) ∈ F q n (X s n,r ), then
In particular,
Proof. From Proposition 2.8, we have
Note that v P∞ (U(x q n−r +1 )) = q u (q n−r + 1)v P∞ (x) = −q u+s (q n−r + 1) and v P∞ (y) = −q n − q n−r . Thus, as 2r = n, we have v P∞ (U(x q n−r +1 )) = v P∞ (y), and then
and the first assertion follows. The second assertion follows from the fact that 2r + 1 − n ≤ r − u ≤ r, and that s ≥ r + 1 implies u = n − s.
Theorem 3.4. Let H(P ∞ ) be the Weierstrass semigroup at P ∞ ∈ X s n,r . If s ≤ 2r−n then
If s = 2r − n + 1 then
Proof. Let us write
where U 1 (x) q n−r−1 = a u x q n−r−1 , and deg U 2 (x) ≤ q n−r−2 . Defining W := Z q + U 1 (x q n−r +1 ), where Z is the function given in Theorem 3.3, equation (10) together with Z q n−r = y − U(x q n−r +1 ) gives W q n−r−1 = y − U 2 (x q n−r +1 ), and thus
implies v P (W ) = −(q r+1 + q). Now let α, β ∈ F * q n be the unique elements for which −a −1 u = α = β q n−r and consider the function
We have
One can easily check that
where the latter case is obtained directly from the identity
Now triangle inequality and (12) give
and the result follows.
AG codes arising from X n,r and their subcovers
In this section, we will study one-point AG codes arising from the curve (13) X n,r : y q n−1 + · · · + y q + y = x q n−r +1 − x q n +q n−r and its subcovers. Let P ∞ be the only rational point corresponding to (0 : 1 : 0)
in the projective closure of X n,r , and let P 1 , . . . , P q 2n−1 be the remaining q 2n+1 F q nrational points on X n,r . Consider the sequence of one-point AG codes (C m (X n,r )) m≥1 ,
Let k m,r and d m,r be the dimension and the minimum distance of C m (X n,r ), respectively.
Again, let H(P ∞ ) = {0 = h 1 < h 2 < . . .} be the Weierstrass semigroup at P ∞ .
Define the function ι = ι P∞ :
, where ℓ(mP ∞ ) is the dimension of the vector space L(mP ∞ ).
By Corollary 3.8 in [3] , X n,r is a Castle curve and then we have the following result. 
The following proposition gives us the true minimum distance of the codes C m (X n,r ) for all m, with 0 ≤ m ≤ q 2n−1 .
Proposition 4.2. Let d m,r be the minimum distance of C m (X n,r ). Then,
Proof.
(1) Let α 1 , . . . , α a be distinct elements in F q n . Since (x) ∞ = q n−1 P ∞ , we
, and for each α ∈ F q n the line x = α intersects the affine curve X n,r at q n−1 distinct rational points.
Therefore, the codeword ev L (g) ∈ C m (X n,r ) has weight q 2n−1 − m.
(2) Fix γ ∈ F * q and let A = {α ∈ F q n : α q n−r +1 − α q n +q n−r = γ}. Then #A ≥ q n − q n−1 − q r−1 ≥ a. Choose distinct elements α 1 , . . . , α a ∈ A and define
Note that g 1 has aq n−1 distinct zeros in the support of D. On the other hand, there exist q n−1 distinct elements β ∈ F q n such that β q n−1 +β q n−2 +· · ·+β = γ.
Choose b of them and define a function
Therefore, g 2 has b(q n−1 +q r−1 ) distinct zeros in the support of D, all of them being distinct from the zeros of g 1 . Then g 1 g 2 ∈ L(mP ∞ ) has m distinct zeros in the support of D, and the corresponding codeword ev(g 1 g 2 ) has weight [17] .
In the following, we present examples of AG codes whose parameters [n, k, d] are better than those appearing in the MinT tables [17] . 190, 191, 192, 193, 194, 195, 196, 197, 198, 199, 200, 201, 202, 203, 204, 205, 206, 207, 208, 209 [256, 190, 40] , and [256, 192, 38] are better than those appearing in the MinT tables [17] . As before, using s = 1, . . . , 24 for the codes C 201 (X 
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